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How do you 
identify an 

RE 
language?



  

RE 
(Lava Diagram Problem Tips)

● You’ve seen two examples of RE (but not R) problems so 
far: A

TM
 and HALT. They both have this form:

● L = {⟨M,w⟩ | /* something about M’s behavior on w */}
● You’ve also seen how we used the Trickster approach to 

prove both are undecidable (not in R).

● You may have found yourself thinking, “Couldn’t I always 
just use Trickster on any language that looks like ⟨M⟩ or 
⟨M,w⟩ or similar, to show it’s undecidable?” 

● And the answer, in fact, is yes! (with a couple caveats)



  

Rice’s Theorem 
(Lava Diagram Problem Tips)

Any language that consists of strings that are TM code, and filters 
those TMs based on a criteria that has anything to do with the 
TM’s language or behavior, is undecidable. 

● So languages matching these templates will always be undecidable:

● L = {⟨M,w⟩ | /* something about M’s behavior on w */}
● L = {⟨M⟩ | /* something about M’s behavior */}
● L = {⟨M⟩ | /* something about M’s language */}

● L = {⟨M
1
, M

2
⟩ | /* something comparing M

1
 and M

2
’s           

languages or behaviors */}
● Example language or behavior criteria: “M accepts at least one string,” 

“M’s language is finite,” “M loops on w” 

Reminder: 
Undecidable 

means not in R. At 
best in RE, maybe 

not even that.

Reminder: 
Undecidable 

means not in R. At 
best in RE, maybe 

not even that.



  

Rice’s Theorem 
(Lava Diagram Problem Tips)

Any language that consists of strings that are TM code, and filters 
those TMs based on a criteria that has anything to do with the 
TM’s language or behavior, is undecidable.

● Caveat 1: not all languages of the form L = {⟨M⟩ | /* criteria */} are 
undecidable; only criteria about the TM’s language or behavior. 

● Caveat 2: not all languages of the form L = {⟨M⟩ | /* criteria */} are 
undecidable, only if the criteria actually filters. In other words the 
criteria can’t be true of zero TMs or all TMs.



  

Rice’s Theorem 
(Lava Diagram Problem Tips)

Any language that consists of strings that are TM code, and filters 
those TMs based on a criteria that has anything to do with the 
TM’s language or behavior, is undecidable.

● Caveat 1: not all languages of the form L = {⟨M⟩ | /* criteria */} are 
undecidable; only criteria about the TM’s language or behavior. 

● Questions relating purely to the text of the code, and not its behavior 
when run are generally decidable. Decidable examples: 

● L
1
 = {⟨M,w⟩ | the string ⟨M⟩ contains more a’s than the string w}

● L
2
 = {⟨M⟩ | the string ⟨M⟩ has odd length}

● Intuition: You don’t need to try running the TM M to see how many 
a’s its code has or that its code is an odd-length string. 



  

Rice’s Theorem 
(Lava Diagram Problem Tips)

Any language that consists of strings that are TM code, and filters 
those TMs based on a criteria that has anything to do with the 
TM’s language or behavior, is undecidable.

● Caveat 2: not all languages of the form L = {⟨M⟩ | /* criteria */} are 
undecidable, only if the criteria actually filters. In other words the 
criteria can’t be true of zero TMs or all TMs.

● L = {⟨M⟩ | /* criteria true of all TMs */} = Σ*, a regular language!

– Example: {⟨M⟩ | /* M has at least one state */}
● L = {⟨M⟩ | /* criteria true of zero TMs */} = , also a regular ∅

language!
● Intuition: A problem can't be hard if there's no real question there.



  

Rice’s Theorem 
(Lava Diagram Problem Tips)

Any language that consists of strings that are TM code, and filters 
those TMs based on a criteria that has anything to do with the 
TM’s language or behavior, is undecidable.

● Caveat 2: not all languages of the form L = {⟨M⟩ | /* criteria */} are 
undecidable, only if the criteria actually filters. In other words the 
criteria can’t be true of zero TMs or all TMs.

● L = {⟨M⟩ | /* criteria true of all TMs */} = Σ*, a regular language!

– Example: {⟨M⟩ | /* M has at least one state */}
● L = {⟨M⟩ | /* criteria true of zero TMs */} = , also a regular ∅

language!

– Example: ??
● Intuition: A problem can't be hard if there's no real question there.

PollEv: 
Give an example of 

a criteria that is 
true of zero TMs.

PollEv: 
Give an example of 

a criteria that is 
true of zero TMs.



  

Rice’s Theorem 
(Lava Diagram Problem Tips)

Any language that consists of strings that are TM code, and filters 
those TMs based on a criteria that has anything to do with the 
TM’s language or behavior, is undecidable.

● Caveat 1: not all languages of the form L = {⟨M⟩ | /* criteria */} are 
undecidable; only criteria about the TM’s language or behavior. 

● Caveat 2: not all languages of the form L = {⟨M⟩ | /* criteria */} are 
undecidable, only if the criteria actually filters. In other words the 
criteria can’t be true of zero TMs or all TMs.



  

Rice’s Theorem 
(Lava Diagram Problem Tips)

Any language that consists of strings that are TM code, and filters 
those TMs based on a criteria that has anything to do with the 
TM’s language or behavior, is undecidable.

● Caveat 1: not all languages of the form L = {⟨M⟩ | /* criteria */} are 
undecidable; only criteria about the TM’s language or behavior. 

● Caveat 2: not all languages of the form L = {⟨M⟩ | /* criteria */} are 
undecidable, only if the criteria actually filters. In other words the 
criteria can’t be true of zero TMs or all Tms.

● L = Σ*

PollEv: 
Is L decidable or 

undecidable?
(Pset9 Q5 part 1)

PollEv: 
Is L decidable or 

undecidable?
(Pset9 Q5 part 1)



  

Rice’s Theorem 
(Lava Diagram Problem Tips)

Any language that consists of strings that are TM code, and filters 
those TMs based on a criteria that has anything to do with the 
TM’s language or behavior, is undecidable.

● Caveat 1: not all languages of the form L = {⟨M⟩ | /* criteria */} are 
undecidable; only criteria about the TM’s language or behavior. 

● Caveat 2: not all languages of the form L = {⟨M⟩ | /* criteria */} are 
undecidable, only if the criteria actually filters. In other words the 
criteria can’t be true of zero TMs or all Tms.

● L = {⟨M⟩ | M is a TM and M is a recognizer for }∅
PollEv: 

Is L decidable or 
undecidable?

(Pset9 Q5 part 6)

PollEv: 
Is L decidable or 

undecidable?
(Pset9 Q5 part 6)



  

Rice’s Theorem 
(Lava Diagram Problem Tips)

Any language that consists of strings that are TM code, and filters 
those TMs based on a criteria that has anything to do with the 
TM’s language or behavior, is undecidable.

● Caveat 1: not all languages of the form L = {⟨M⟩ | /* criteria */} are 
undecidable; only criteria about the TM’s language or behavior. 

● Caveat 2: not all languages of the form L = {⟨M⟩ | /* criteria */} are 
undecidable, only if the criteria actually filters. In other words the 
criteria can’t be true of zero TMs or all TMs.

PollEv: 
Pset9 Q5 parts 9-
12: how many are 

undecidable?

PollEv: 
Pset9 Q5 parts 9-
12: how many are 

undecidable?



  

Regular
Languages CFLs

All Languages

R RE

ATM

HALT

Rice's Theorem 
helps us identify 
what is outside 
R (may or may 
not be in RE).

What is 
outside RE?



  

Beyond RE



  

How Many Problems Are 
Outside the Reach of Turing 

Machines?
● It’s sad to think about problems that no TM 

can even recognize! 

● Not just undecidable but unrecognizable!
● How many are there? Hopefully only a few!



  

How Many Problems Are 
Outside the Reach of Turing 

Machines?
● A TM is fundamentally just a string (a piece 

of code). Let’s say we can interpret any 
string as a TM (if not syntactically correct 
according to some TM code system, we’ll 
just say it is a TM that always rejects).

● So the number of TMs that exist is |Σ*| (the 
count of all possible strings).

● The number of languages that exist is |℘(Σ*)| 
(the count of all possible sets of strings).



  

How Many Problems Are 
Outside the Reach of Turing 

Machines?
● Sadly, Cantor’s Theorem says |Σ*| < |℘(Σ*)|.
● Not nearly enough Turing machines to go 

around for all the languages that exist.
● So there are many problems (languages) that 

we can’t solve with TMs.

● Infinitely many!! 



  

Regular
Languages CFLs

All Languages

R RE

ATM

HALT

What does 
an 

outside- RE
problem 

look like?



  

The Class Unrecognizable 
(Lava Diagram Category “All Languages”)

● Languages L that are outside RE are 
those where:
● We cannot even build a recognizer TM M, 

where (ℒ M) = L.
● We cannot build a verifier for L. 

– i.e., there is no finite-length 
certificate/hint that proves a string is in L.

● Fun fact: this class includes all the 
complements of undecidable RE languages.



  

Regular
Languages CFLs

All Languages

R RE

ATM

HALT

What makes 
a language 

non-RE?

In our discussion of 
verifiers, we’ve 

brushed up against 
one reason a 

language could be 
unverifiable: it’s 

inherently hard to 
provide a piece of 

evidence to prove a 
negative. 
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of undecidable 
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always outside of 

RE.
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Regular
Languages CFLs

All Languages

R RE

ATM

HALT

What makes 
a language 

non-RE?

In our discussion of 
verifiers, we’ve 

brushed up against 
one reason a 

language could be 
unverifiable: it’s 

inherently hard to 
provide a piece of 

evidence to prove a 
negative. 

The complements 
of undecidable 

RE languages are 
always outside of 

RE.

ATM

HALT

Certificate (hint): n, 
the number of steps of 

M(w) execution until we 
will observe M halt and 

accept or reject w.

Certificate (hint): n, 
the number of steps of 

M(w) execution until we 
will observe M halt and 

accept or reject w.

Certificate (hint): n, the 
number of steps of M(w) 

execution until we 
observe…what? Not 

halting?? A step count 
doesn’t work. :-( 

Certificate (hint): n, the 
number of steps of M(w) 

execution until we 
observe…what? Not 

halting?? A step count 
doesn’t work. :-( 



  

The Class Unrecognizable 
(Lava Diagram Category “All Languages”)

● Example languages:

● The complements of undecidable RE 
languages.

● EQ
TM

 = {⟨M
1
, M

2
⟩ | where (ℒ M

1
) = (ℒ M

2
) }

● L = {⟨M⟩ | M loops on at least five strings }
● For each of the above, ask yourself: what 

certificate/hint could possibly help? 
● Of course, not being able to think of one isn't a proof 

that these are unrecognizable, but it's a good 
intuition for judging.



  

The Class Unrecognizable 
(Lava Diagram Category “All Languages”)

● Example languages:

● The complements of undecidable RE 
languages.

● EQ
TM

 = {⟨M
1
, M

2
⟩ | where (ℒ M

1
) = (ℒ M

1
) }

● L = {⟨M⟩ | M loops on at least five strings }

PollEv: A very similar 
language is:  L' = 

{⟨M⟩ | M accepts at 
least five strings }. 

How would you 
categorize it on the 

Lava Diagram?

PollEv: A very similar 
language is:  L' = 

{⟨M⟩ | M accepts at 
least five strings }. 

How would you 
categorize it on the 

Lava Diagram?



  

The Class Unrecognizable 
(Lava Diagram Category “All Languages”)

● Example languages:

● The complements of undecidable RE 
languages.

● EQ
TM

 = {⟨M
1
, M

2
⟩ | where (ℒ M

1
) = (ℒ M

1
) }

● {⟨M⟩ | M loops on at least five strings }
– Note that we can write a verifier for the 

language {⟨M⟩ | M accepts at least five 
strings }, using the certificate 
⟨w

1
,n

1
,w

2
,n

2
,w

3
,n

3
,w

4
,n

4
,w

5
,n

5
⟩, which is a 

mouthful, but still finite.

PollEv: A very similar 
language is:  L' = 

{⟨M⟩ | M accepts at 
least five strings }. 

How would you 
categorize it on the 

Lava Diagram?

PollEv: A very similar 
language is:  L' = 

{⟨M⟩ | M accepts at 
least five strings }. 

How would you 
categorize it on the 

Lava Diagram?



  

The Language L
D

● L
D
 = {⟨M⟩ | M does not accept ⟨M⟩ }

     = {⟨M⟩ | ⟨M⟩ ∈ (ℒ M)}

● This is a classic example of an unrecognizable 
language. 

● To see why we can’t build a TM for this 
language, ask yourself:

● If you did build a TM for L
D
 called M

LD
 would 

M
LD

 accept ⟨M
LD

⟩?



  

Happy Story Time

In a certain isolated town, every house has a 
lawn and the city requires them all to be 
mowed. The town has only one gardener, 

who is also a resident of the town, 
and this gardener mows the lawns of residents 

iff they do not mow their own lawn.

True or false: The gardener mows their own lawn.



  

Happy Story Time

In a certain isolated town, every house has a 
lawn and the city requires them all to be 
mowed. The town has only one gardener, 

who is also a resident of the town, 
and this gardener mows the lawns of residents 

iff they do not mow their own lawn.

True or false: The gardener mows their own lawn.



  

The Language L
D

● L
D
 = {⟨M⟩ | M does not accept ⟨M⟩ }

     = {⟨M⟩ | ⟨M⟩ ∈ (ℒ M)}

● This is a classic example of an unrecognizable 
language. 

● To see why we can’t build a TM for this  
language, ask yourself:

● If you did build a TM for L
D
, called M

LD
, 

would M
LD

 accept ⟨M
LD

⟩?

The existence of a TM 
for L

D
 creates a 

contradiction, so 
that’s our proof that a 

TM for L
D
 cannot 

exist.

The existence of a TM 
for L

D
 creates a 

contradiction, so 
that’s our proof that a 

TM for L
D
 cannot 

exist.





































































































































































  

Announcements
● Problem Set 7 was due at 5:30 PM. Solutions are available on the 

course website.

Congratulations – you're done
with CS103 problem sets!

● Problem Set 6 has been graded, I’m calibrating some questions with 
the CAs. Grades will be released on Gradescope tonight.



  

Please evaluate this course on Axess.
Your feedback really makes a difference.



  

Final Exam Logistics

● Our final exam will be on Saturday, August 16th from 
7:00 – 10:00 PM in Hewlett 201 (same as the lectures 
and the midterm).

● Exam is the same format as the midterm: 3 hours, 
closed-book, 1 page of notes allowed. 

● If you have OAE accommodations, you should have 
heard from us already about exam room and time 
logistics. 

● The exam is cumulative and covers Lectures 00 – 19 as 
well as PS1 – PS6.

● Best of luck on the exam – you’ve got this! 



  

Take a minute to reflect on your journey.



  

Set Theory

Power Sets

Cantor’s Theorem

Direct Proofs

Parity

Proof by Contrapositive

Proof by Contradiction

Modular Congruence

Propositional Logic

First-Order Logic

Logic Translations

Logical Negations

Propositional Completeness

Vacuous Truths

Perfect Squares

Tournaments

Functions

Injections

Surjections

Involutions

Monotone Functions

Bijections

Cardinality

Graphs

Connectivity

Independent Sets

Vertex Covers

Graph Complements

Dominating Sets

Bipartite Graphs

The Pigeonhole Principle

Ramsey Theory

Mathematical Induction

Loop Invariants

Complete Induction

Formal Languages

DFAs

Regular Languages

Closure Properties

NFAs

Subset Construction

Kleene Closures

Regular Expressions

State Elimination

Distinguishability

Myhill-Nerode Theorem

Nonregular Languages

Context-Free Grammars

Brzozowski’s Theorem

Turing Machines

Church-Turing Thesis

TM Encodings

Universal Turing Machines

Self-Reference

Decidability

Recognizability

Self-Defeating Objects

Undecidable Problems

The Halting Problem

Verifiers

Diagonalization Language

Complexity Class P

Complexity Class NP

P  ≟ NP Problem



  

You’ve done more than just check
a bunch of boxes off a list.



  

You’ve given yourself the foundation
to tackle problems from all over

computer science.



  

Kinda sorta like a left 
inverse!

 

From CS255
 



  

 

From CS124
 

New definitions on 
graphs!What do graphs with 

these properties look 
like?

Transform some 
object to make it 

closed under some 
operation!



  

 

From CS124
 

It’s a big regex!



  

 

From 
CS237A

 

Describing the 
world in set 

theory!

Model paths as 
functions!



  

 

From CS143
 

It’s a CFG!

It’s an automaton 
derived from a CFG!



  

 

From CS221
 

It’s a 
DFA!



  

 

From CS161
 

It’s FOL and 
functions!



  

 

From CS224W
 

First-order 
definitions on 

graphs!
Set difference and 

cardinality!



  

 

From CS242
 

It’s a 
CFG!



  

 

From CS166
 

Definitions in 
terms of 
strings!



  

 

From CS144
 

It’s a generalization of 
DFAs!



  

 

From CS168
 

Reducibility!

A Myhill-Nerode-
style argument!



  

 

From CS154
 

Using Turing machines 
to define intrinsic 

information content!



  

You’ve given yourself the foundation
to tackle problems from all over

computer science.



  

There’s so much more to explore.
Where should you go next?



  

Course Recommendations

Theoryland
● CS154
● Phil 151
● Phil 152
● Math 107
● Math 108
● Math 113
● Math 120
● Math 161
● Math 152

Applications
● CS124
● CS143
● CS161
● CS224W
● CS242
● CS243
● CS246
● CS251
● CS255

                              Functions      

                              Graphs           

                                 Number Theory

                          Set Theory

                              Computability

                            Languages /
                           Automata

                     Graphs

                        Functions

                           Complexity  



  

Final Thoughts



  

There are more problems to
solve than there are programs

capable of solving them.



  

There is so much more to explore and so 
many big questions to ask – many of 

which haven't been asked yet!



  

You now know what problems we can solve, 
what problems we can't solve, and what 

problems we believe we can't solve 
efficiently.



  

Theory

Practice



  

A Huge Round of Thanks!
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